Abstract. We propose a model of two-dimensional dilaton gravity with a boundary. In the bulk our model coincides with the classically integrable CGHS model; the dynamical boundary cuts off the CGHS strong-coupling region. As a result, classical dynamics in our model reminds that in the spherically-symmetric gravity: wave packets of matter fields either reflect from the boundary or form black holes. We find large integrable sector of multisoliton solutions in this model. At the same time, we argue that the model is globally non-integrable because solutions at the verge of black hole formation display chaotic properties.
Introduction
About half a century ago Hawking discovered [1] that black holes thermally evaporate exhibiting an apparent loss of quantum coherence. This so-called information paradox contradicts to the principles of quantum theory where a pure initial quantum state |ψ in cannot evolve into a one. To resolve this puzzle, theorists try to keep track of quantum information within the black hole interior. The current understanding of the information paradox relies on the AdS/CFT argument [2] which relates black hole formation to a thermalization of a quantum state in a dual CFT. The latter process, albeit unitary, dynamically hides quantum coherence in the an approximately thermal final state. This suggests that investigation of dynamical properties of black hole formation may be helpful for resolving the information paradox.
Recently, it was argued [3] , [4] that particle collisions near the black hole horizon display chaotic behaviour: their final states are very sensitive to the initial conditions. This dynamical chaos may be significant for the apparent loss of quantum coherence during black hole formation and evaporation.
In this note based on the forthcoming publication [5] we propose a toy model of dilaton gravity which has several desired properties. On one hand, the model possesses a large sector of exact solutions which describe either gravitational scattering or collapse of matter. On the other hand, the solutions in our model are extremely sensitive to the initial conditions at the verge of black hole formation implying that the model is globally non-integrable.
The model
The basis for construction of our model is a two-dimensional CGHS gravity [6] . In the CGHS model the metric g μν is coupled to a dilaton field φ and a massless free scalar field f representing matter, the action is
Here R is the Ricci scalar, λ 2 is the cosmological constant. The model (1) is exactly solvable at the classical level. The metric and the dilaton can be explicitly obtained from constraints, which leaves the field f as the only dynamical degree of freedom.
Unfortunately, the CGHS model itself cannot be used as a consistent model at the semiclassical level. In Minkowski vacuum
the dilaton field tends to infinity at x 1 → −∞ implying infinitely large gravitational coupling constant e φ in this region, see Fig. 1a and cf. Eq (1) . This makes the model strongly coupled at large negative x 1 and restricts applicability of the semiclassical calculations. In order to avoid this difficulty we add a dynamical boundary at φ = φ 0 cutting off the strong coupling region at large φ. Namely, we restrict integration in Eq. (1) to the manifold M where φ < φ 0 and add a Gibbons-Hawking boundary term,
where K = g μν ∇ μ n ν is the extrinsic curvature of the boundary, n ν is the outer normal. A new parameter e φ 0 can be regarded as a gravitational coupling constant in our model. Previously a similar model with dynamical mirror has been proposed in [8] . Unlike the authors of [8] we analyse integrable properties of this model at the classical level rather than trying to quantize it.
Field equations
The starting point in simplifying the field equations is to find a general solution in the bulk. We work in conformal coordinates (u, v), where the interval has the form ds 2 = −e 2ρ dv du. Besides, we choose the frame with ρ = φ. Field equation for f (u, v) in these coordinates can be explicitly solved,
Expressions for the other fields follow from the constraints,
where
Equations (4)- (6) give the general solution in the bulk. Now, we impose conditions at dynamical boundary φ = φ 0 . Varying Eq. (3) with respect to the boundary values of g μν and f , we obtain,
The first of these equations implies that the energy flux through the boundary equals zero. The second condition guarantees that the flat spacetime (2) is a solution. Integrating the first of Eqs. (7) we obtain a diffeomorphism between in-and out-going wave packets,
where u = U(v) is the trajectory of the boundary in the (u, v) frame: φ(U(v), v) = φ 0 . Using Eqs. (5), one derives an equation for U(v) from the conditions (7),
where ∂ v g can be derived from Eq. (6). Introducing auxiliary function ψ(v), satisfying
we further simplify this equation,
where T = e 2φ 0 g vv depends on the incoming wave packet. At T = 0 one obtains the Minkowski solution
which is equivalent to Eq. (2) after proper change of coordinates
In what follows we use (v,ū) as asymptotically flat coordinates. 
Thus, function T (v) has only the poles of rank 2, and we write,
In what follows we consider for simplicity only the singularities of rank s i = 1. Substituting Laurent series,
into Eq. (11), one obtains an infinite chain of equations for the Laurent coefficients,
We note that two equations in the set (18) are special since ψ −1 is not present in Eq. (18a), as well as ψ 2 in Eq. (18d). Thus, ψ −1 and ψ 2 are free parameters of the solution, while Eqs. (18a) and (18d) are constraints on the function T (v). Using Eqs. (18b), (18c), we rewrite Eq. (18d) in the form,
The other constraints are obtained from a requirement for solutions to be localized, i.e.
Solving system of algebraic equations 
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Then Eqs. (18) give the Laurent coefficients of ψ(v), and we find,
It is straightforward to implement the procedure of this Section for finding exact solutions with N singularities of different ranks.
Reflecting and collapsing solutions
We restrict our analysis to the localized wave packets T ∝ f 2 v (v). In this case ψ(v) ∼ Cv at v → +∞, see Eq. (11). We will see that the coefficient C determines regimes of behaviour and plays a role of a critical parameter; in the case (22) we obtain C = Solutions with C < 0 describe collapse. Indeed, in this case the function ψ(v) has a maximum ψ v = 0 which corresponds to the singularity dU/dv = 0 where the transformation u = U(v) cannot be inverted. This is the singularity point of the outgoing wave packet f out (u) in Eq. (8) . Appearance of this singularity signals that the black hole is formed in the final state of the process.
In the critical case C = 0 the boundary becomes asymptotically null U(v) = o(v −1 ) at v → +∞. One can show that energy difference between the incident and reflected wave packets in this case is equal to M cr = 2λe −2φ 0 and corresponding bulk solution at i + describes CGHS black hole with mass M cr . The critical solutions with C = 0 separate the families of the reflecting and collapsing solutions. One can show that solutions at small negative C form a black hole with minimal mass M cr . On the other hand, the solutions with small positive C describe total reflection.
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Nonintegrability in the critical regime
The CGHS model in the bulk is exactly solvable and has an infinite number of conserved quantities in the in-and out-sectors. In fact, any functionals of f in and f out , e.g.
can be regarded as such conserved quantities. The question is whether these quantities can be smoothly joined at the boundary to represent the integrals in our model? This would require the map {I To understand the singular behaviour in the critical regime, consider the trajectory of the boundary in asymptotic coordinates (13),
where Eq. (10) was used. The typical trajectory in the near-critical regime is shown in Fig. 3a . It has a large "plateau" part v 1 ≤ v ≤ v 2 which size grows to infinity as C → 0. Besides, one can argue that the trajectoryū(v) within the "plateau" becomes null in the limit C → 0. Thus, the part of the initial wave packet f in (v) which gets reflected from the "plateau" gets blue shifted and shrinks into a narrow pulse in the outgoing packet. The latter part of the outgoing wave packet shrinks to a delta-peak at C → 0; in what follows we call it "thunderpop". Let us describe reflection of wave packets from the boundary in the limit C → 0. At large v we expect,
where ψ
1 at v → +∞. Besides, we assume that Cv and ψ (1) are of the same order. Solving Eq. (11) perturbatively and recalling that g vv ∝ v −2 is small, we obtain,
Next, we calculate the outgoing wave packet using Eq. (8),
Substituting the perturbative solution (25), (26), we find,
Thus the boundary is indeed almost null,ū ≈ const, in the large "plateau" region Cv ∼ ψ (1) . To illustrate instability of the critical solution, we slightly change the initial wave packet by modulating its tail,
where v 1 v 0 and T sol is given by Eq. (21). In the limit ω → 0 the original solution is restored. Let us check whether the integrals I out k are smooth functions of ω and C parametrizing the solutions. For simplicity, we consider the third integral
Substituting the asymptotics of (30) we obtain a combination of power-law and periodic functions in the integrand of Eq. (31). Rescaling the integration variable v → ve 2πn/ω , one proves an identity
This functional equation has a solution
where Given representation (33), one immediately concludes that the limit of I 3 (ω, C) at ω → 0 and C → 0 essentially depends on the method of evaluating: one can make it equal to any real number by choosing the limiting path ω(C), see Fig. 3b . In other words, I 3 has an essential singularity at ω → 0, C → 0 and the internal structure of the thunderpop is sensitive to small variations of f in . 2016) To summarize, the structure of the final pulse is unstable under the small variations of initial data. Despite our intuition the final pulse could have a non-trivial peak structure, which depends on values of ω and C. If we choose ω 6πn ln C , the pulse contains about n peaks. In the above we argued that action-angle can not be introduced for our boundary model because I out 3 is an essentially singular function of the initial parameters ω and C.
